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Recursive ultrasound imaging

One of the goals of ultrasound scanning is to estimate the velocity of the blood. No matter
which method for blood velocity estimation is used, samples from the same position in the
tissue are needed at close time instances.

In the previous chapter the two major types of synthetic aperture ultrasound imaging were
presented: (1) synthetic receive aperture and (2) synthetic transmit aperture. While the former
method results in a somewhat simplified front-end electronics, the latter has the advantage of
shorter acquisition time, which can be expressed as follows:

Tacq HRI = Tpr f ·Nxdc ·
Nl

Nparallel
, (6.1)

where Tpr f is the pulse repetition period, Nxdc is the number of transducer elements, Nl is the
number of lines in an image, and Nparallel is the number of parallel beamformers. Even if
at every emission all the lines in the image were beamformed in parallel, i.e. Nl were equal
to Nparallel , the time necessary to create a high-resolution image would still be Nxdc times
longer than the pulse repetition interval. A way to create a new high-resolution image at every
emission was suggested by us in [80], by using a recursive procedure for synthetic transmit
aperture ultrasound imaging. For short it will be called Recursive Ultrasound Imaging.

This chapter introduces a simple model for recursive ultrasound imaging, discusses its perfor-
mance and gives some implementation issues.

6.1 Simple model

Consider the imaging situation shown in Figure 6.1. The depicted transducer has Nxdc = 3
elements. In normal synthetic transmit aperture, the transducer transmits Nxdc = 3 times, using
a single element i ∈ [1,3] in transmission. At every emission a low resolution image Li(t) is
created. Summing coherently the low resolution images, a high resolution image H(t) is created
as described in Chapter 5. After the high-resolution image is created, all the information is
discarded and the process is repeated all over again.

If the medium is stationary the order in which the elements transmit does not matter. In other
words, whether the order of transmission was {[i = 1], [i = 2], [i = 3]} or {[i = 2], [i = 3], [i =
1]} the result of summing the low-resolution images would yield the same high-resolution
one. Going back to Figure 6.1 it can be seen that a high resolution image can be created at
emission i = 3, combining the low-resolution images from L1(t) to L3(t), which were obtained
by exciting consecutively the elements from 1 to 3. Low resolution image L4(t) was obtained
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Figure 6.1: Synthetic transmit aperture imaging. The array consists of 3 elements. The figure
shows 4 consecutive emissions. Two high resolution images are created: one at emission #3
and one at emission # 4.

by transmitting again with element # 1. Hence, combining low-resolution images from L2(t)
to L4(t) ({[i = 2], [i = 3], [i = 1]}), a new high-resolution one can be created at emission n = 4.

Let’s introduce an index of the emissions n ∈ [1,∞) counting the emissions from the moment
the scanner was turned on. From Figure 6.1 it can be seen that emission # 4, is done again with
element # 1. The relation between the emission number n and the index of the transmitting
element i is given by

i = ((n−1) mod Nxdc)+1 (6.2)

It can be easily demonstrated that the same element i is used at emissions n, n−Nxdc and
n+Nxdc:

i = ((n−1) mod Nxdc)+1
= ((n−Nxdc−1) mod Nxdc)+1
= ((n+Nxdc−1) mod Nxdc)+1

(6.3)

In the previous chapter the signal received by element j after transmitting with element i was
denoted as ri j(t). Thus the low resolution scan line Li(t) obtained after emitting with element i
is expressed as:

Li(t) =
Nxdc

∑
j=1

ai j(t)ri j(t− τi j(t)), (6.4)
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where ai j(t) is a dynamic apodization coefficient and τi j(t) is a delay dependent on the trans-
mitting element i, the receiving element j and the current focal point. For simplicity the time
dependence of the delay and the apodization coefficients will be omitted further in the chapter.

Let the signal at emission n received by element j be r(n)
j (t). This is an alternative notation for

ri j(t), which exploits the relation between n, and i. In other words:

ri j(t)≡ r(n)
j (t)

i = ((n−1) mod Nxdc)+1

The same substitution will be made for the scan lines, i.e., Li(t), will be denoted with L(n)(t),
meaning “the low-resolution scan-line obtained at emission n”. The beamformation of a single
low-resolution scan-line L(n)(t) can then be expressed as:

L(n)(t) =
Nxdc

∑
j=1

ai jr
(n)
j (t− τi j). (6.5)

The indexing for a and τ is preserved, in order to emphasize that the transmission is done by
element i. Assuming a stationary tissue, the signal received by element j after transmitting
with element i will be the same, regardless of the emission number. The following equation is
therefore valid:

r(n)
j (t) = r(n+kNxdc)

j (t), where k = 0,±1,±2 · · · (6.6)

Therefore the low-resolution images obtained at emissions n and n + kNxdc are the same, pro-
vided that the scanned tissue is stationary:

L(n)(t) =
Nxdc

∑
j=1

ai jr
(n)
j (t− τi j) (6.7)

L(n+kNxdc)(t) =
Nxdc

∑
j=1

ai jr
(n+kNxdc)
j (t− τi j) (6.8)

r(n+kNxdc)
j (t) = r(n)

j (t) (6.9)

⇓
L(n)(t) = L(n+kNxdc)(t) (6.10)

As we saw the order in which the transducer elements emit does not matter. Two high resolution
images at two consecutive emissions can be beamformed as follows:

H(n)(t) =
n

∑
k=n−Nxdc+1

L(k)(t) (6.11)

H(n−1)(t) =
n−1

∑
k=n−Nxdc

L(k)(t) (6.12)

Subtracting H(n−1)(t) from H(n)(t) gives:

H(n)(t) = H(n−1)(t)+L(n)(t)−L(n−Nxdc)(t) (6.13)
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Figure 6.2: Recursive ultrasound imaging.

This gives a recursive formula for creating a high-resolution image from the previous high
resolution one. The process is illustrated in Figure 6.2. The figure shows several consecutive
emissions: from emission # n−Nxdc to emission n.

Now one may ask the question about the advantages of the “Recursive Ultrasound Imaging”.
As a first thing, the calculation procedure is much simpler. If the number of elements Nxdc was,
say 64, for every sample in the high resolution line H(n)(t) there would be 64 summations of the
samples from the low-resolution lines L(n)(t), n ∈ [1,Nxdc]. In the new procedure the amount
of summations is reduced to only 3, independent of Nxdc. However, the ”real” advantage is
that a new high-resolution image is created at every emission giving a high correlation between
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two consecutive high-resolution images. This makes it possible to estimate the motion of the
tissue and the blood flow, something which is normally considered impossible to obtain using
synthetic aperture imaging techniques.

Among the drawbacks is that the high resolution image still contains information obtained in
the course of multiple transmit events. Therefore the method is susceptible to motion artifacts,
as are all synthetic aperture methods. The decrease of these artifacts will be considered in
Chapter 12.

Another of the draw-backs is the low signal-to-noise ratio, which is due to the use of only a
single element in transmit. Solutions to this problem is given in Chapters 7 and 9.

In the paper [80] presented at 1999 IEEE INTERNATIONAL ULTRASONICS SYMPOSIUM we
have given a generalized equation for Recursive Ultrasound Imaging:

H(n)(t) =
B

∑
k=1

ck ·H(n−k)(t)+
Q

∑
q=0

bq ·L(n−q)(t), (6.14)

where B and Q are the numbers of high- and low-resolution images on which H(n)(t) depends,
and ck and bq are weighting coefficients. This formula was, however, never really explored in
its full potential.

As previously discussed the RUI suffers from motion artifacts. They can be decreased by
decreasing the time on which the high resolution image depends, i.e. by decreasing B and Q.
In its extreme B = 1 and Q = 0, which leads to the Add-only Recursive Imaging.

6.2 Add-only recursive imaging

As mentioned the Add-only Recursive Ultrasound Imaging can be derived from the Generalized
Recursive Ultrasound Imaging by letting Q = 0 and B = 0 in (6.14). The calculation procedure
becomes:

H(n)(t) = c1H(n−1)(t)+b0L(n)(t) (6.15)

The difference between equations (6.13) and (6.15) is that instead of being subtracted, the
information obtained after the emission with element i decays exponentially with time. The
system gradually “forgets” it. This approach has the advantage of having a much simpler
implementation as shown in Figure 6.3. One can adjust the forgetting abilities of the system by
changing the value of c1.

An obvious drawback is that the so created high resolution image is not equal to the high-
resolution image created using the “classical” recursive algorithm.

In the following we will try to show that these two images are similar.

Because of the recursive nature of the beamforming procedure, there will be some transient
effects when the scanner is started, and when the scan position is changed. These transient
effects will disappear shortly afterwards and are dependent on our “forgetting” constant c1.

A normal high-resolution line created using synthetic transmit aperture is expressed as:

H(t) =
Nxdc

∑
i=1

Li(t), (6.16)
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Figure 6.3: Block-scheme representation of the different variations of the Recursive Ultrasound
Imaging.

where Li(t) are the low resolution lines obtained after emitting with element i.

In the recursive ultrasound imaging, a low resolution line Li(t) is obtained after every Nxdc
emissions. In the classical approach, the old line Li(t) is replaced with the newly acquired one,
thus keeping the sum constant. In the add-only algorithm, these lines are summed. It can easily
be shown that this sum tends to Li(t), in other words ∑k ckNxdc

1 L(n)(t)→ Li(t).

Assuming stationarity, (L(n)(t) = L(n−Nxdc)(t)≡ Li(t)), the sum of the low-resolution lines Li(t)
is:

LΣ;i(t) = Li(t)+ cNxdc
1 Li(t)+ c2Nxdc

1 Li(t)+ · · · (6.17)

This is a simple geometric series the sum of which is:

LΣ;i(t) = (1+ cNxdc
1 + c2Nxdc

1 + · · ·)Li(t) (6.18)
⇓

LΣ;i(t) = Li(t) ·
1

1− cNxdc
1

(6.19)

If c1 = 0.9 and Nxdc = 64, then 1/(1− cNxdc)≈ 1, and LΣ;i(t)≈ Li(t).
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Thus it was shown that for the add-only recursive imaging, the currently emitting channel
contributes to the high resolution image almost the same information as for the case of normal
synthetic transmit aperture.

The difference is that the contributions to the total sum from the neighboring channels is sup-
pressed, or in other words “apodized”:

H(t) =
Nxdc

∑
i=1

ci
1 ·LΣ;i(t) (6.20)

One should not immediately discard the ARUI as a non-viable imaging modality. For one
thing, there is a certain amount of flexibility in the choice of the constant c1. It can be a
function of the transducer element number, i.e. c1 = c1(i). An improvement in the image
quality can be achieved by rearranging the order of transmissions1, the frequency with which
the individual elements transmit2 and the weighting coefficients. As it will be seen in Chapter
11 the motion artifacts are dependent not only on the velocity of the tissue, but also on the
distance between two consecutive transmitting elements. The decreased resolution, which is a
result of the weighting is therefore to some extent compensated by the effect of motion artifacts.

6.3 Performance of the methods

In this section the performance of the CRUI and ARUI is discussed in terms of resolution
and vulnerability to motion artifacts. The resolution is usually determined by the point spread
function of the system and will be examined in the next section.

6.3.1 The point spread function

From Equation 6.13 it can be seen that the high resolution images in CRUI are formed from
the exactly the same information as the high resolution images in standard synthetic transmit
aperture focusing. Therefore the resolution is the same as in the standard B-mode imaging.

The point spread function of the ARUI can be deduced by the following simple considerations:

1. The high-resolution image is constantly multiplied with the forgetting factor c1. This is
equivalent to applying an additional apodization factor in transmit. Therefore the point-
spread function will be broader in lateral direction.

2. The last acquired low resolution image will currently have the biggest weight on the high
resolution sum. Seen from a fixed point, this results in a constant change in the angle
from which the point is seen. Unless special care is taken to use emissions from the
outermost element towards the innermost, the point spread function will be tilted.

Figure 6.4 shows a comparison between three point spread functions. They are a result of a
measurement performed by the XTRA system (see Appendix J for description). The phan-
tom was a wire lying in the elevation plane and parallel to the transducer surface. Only 13

1Nobody says that the relation between i and n is given only by Equation 6.2. The transmissions can be done
from the outermost elements inwards to the center of the transducer

2For example the innermost elements can transmit twice more often than the outermost elements.
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Figure 6.4: Comparison between the PSF of the CRUI and ARUI. The ARUI is given for two
transmit sequences. The innermost contours are at level -6 dB. The neighboring contours are
at levels 6 dB apart.

out of the 64 transducer elements were used in transmit (see Chapter 8 for details on sparse
synthetic transmit aperture imaging). From the top-most plot it can be seen that the point-
spread-function is tilted as discussed above. The middle plot shows that this can be compen-
sated for by changing the order of the transmitting elements from the outermost inwards. The
point-spread-function still remains wider, but is not skewed any more.

6.3.2 Motion artifacts

Figure 6.5 illustrates the source of motion artifacts in the case of classical recursive imaging
and add-only recursive imaging. The figure was created by simulating a single scatterer moving
away from the transducer. Initially the scatterer was positioned at coordinates (x = 0,y = 0,z =
51 mm). After simulating the response of a single emission, the position of the scatterer was
moved axially with a fixed step. Figure 6.5 shows a single beamformed high-resolution line as
a function of emission number. The number of transmitting elements is Nxdc = 64.
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Figure 6.5: Illustration of the source of motion artifacts in recursive ultrasound imaging for (a)
classical and (b) add-only recursive ultrasound imaging.

The classical recursive imaging “remembers” all of the last Nxdc emissions, and therefore up to
emission number n = 64, the information from the initial position is still present in the image.

In the case of ARUI, the information is gradually forgotten, and therefore the final result is
less affected by it. Figure 6.5 also shows the transient effects present in the beginning of the
scanning procedure.
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