
CHAPTER

ELEVEN

Effects of motion

The decorrelation of the RF signals and low signal-to-noise ratio are major causes of the un-
certainty in the velocity estimations. In the conventional ultrasound systems the decorrelation
is due mainly to the velocity gradient. In synthetic aperture ultrasound imaging another source
is added: the motion artifacts. To successfully make velocity estimations, one can either com-
pensate for them as shown in Chapter 12, or circumvent their influence as done in Chapter 13.
Both approaches require knowledge of the essence of the motion artifacts.

This chapter tries to develop an intuitive feeling of the nature of motion artifacts, based on
simple geometric transforms. Similar considerations using the frequency representation of the
system (k-space [54, 55]) have been previously done for artifacts due to tissue shearing [147]
and for decorrelation due to flow gradients [148]. Following the path paved by these papers,
the k-space is used in the following sections to create a simple model of the relation between
the point spread functions of the low-resolution images and the final high resolution one. This
model is then extended to incorporate the artifacts from motion on the low-resolution images
and on the high-resolution one. The frequency domain representation is especially suitable for
phased array sector images, and only these are considered in the following sections.

11.1 Modeling the low resolution image

In this section an attempt is made to derive a simple model of the point spread function of the
low-resolution images. To test the model an analytical approximation using separable function
will be created. This model will be compared with a simulated point spread function using the
program Field II.

In the following, the term point spread function (PSF) will be used to denote a 2D image of
a point lying in the azimuth plane. The lateral coordinate x sometimes will be interchanged
with θ, which is the azimuth angle, and is a natural coordinate base for the sector phased array
scans.

The pulse echo response of a single scatterer (see Sections 3.3.2 and 3.4.2) is given by [24]:

pr(~x, t) = vpe(t)∗
t

δ(~x−~x1)∗
x

hpe(~x, t), (11.1)

where ~x1 is the spatial position of the point, δ(~x) is the Dirac delta function in space, hpe(~x, t)
is the spatial impulse response in space, and vpe(t) includes the transducer excitation and the
impulse responses of the transmitting and the receiving apertures. Such a response is given
in Figure 11.1. The response is normalized. The top left graph gives the lateral slice of the
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Chapter 11. Effects of motion

Figure 11.1: Simulated pulse echo field. The number of elements in transmit and receive are
Nxmt = 1 and Nrcv = 64, respectively.

response at the maximum. The top right plot shows the response in time along two directions
defined by the azimuth angles θ = 0◦ and θ = 2.5◦ respectively. The bottom left plot gives a
view from “above”. The contours are taken at levels from 0.1 to 1 at steps of 0.1. The bottom
right plot represents the 3D graph of the response. The simulations are done for a linear array
transducer with a center frequency f0 = 5 MHz. The speed of sound is assumed to be c = 1540
m/s. The pitch of the transducer is dx = λ/2, and the width of an element w = 0.95dx. The
number of transmitting and receiving elements is Nxmt = 1 and Nrcv = 64, respectively. For
the plot vpe(t) is assumed to be vpe(t) = δ(t). At this moment the following approximation is
introduced:

hpe(θ, t) = hpe1(θ) ·hpe2(t), (11.2)

meaning that the spatial impulse response will be approximated with a separable function. It is
expressed as the product of the two function: hpe1(θ), given in top left plot of Figure 11.1, and
hpe2(t) given in the top right plot of the same figure. From the figure it can be seen that with
increasing angle, the response in time hpe(t) becomes longer. In the approximation hpe2(t) will
be the response along the central line (θ = 0). This introduces an error at the outskirts of the
approximated PSF. In order for the reader to get a better feeling of this error Figure 11.2 shows
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11.1. Modeling the low resolution image

Figure 11.2: The pulse echo response of a single point for a transducer with 60 % fractional
bandwidth. The number of transmitting and receiving elements is Nxmt = 1 and Nrcv = 64,
respectively.

a more realistic situation.

The figure illustrates the case when the excitation g(t) is a 3 cycles Hamming windowed sinu-
soid, and the two-way impulse response of the system hxmt ∗

t
hrcv is a 60 % pulse with Gaussian

envelope. Both, the excitation, and the impulse response have a center frequency of f0 = 5
MHz. The difference between Figures 11.1 and 11.2 is that in the top right plot of the latter,
hpe(t) is normalized to the maximum in each direction. It can be seen that the errors will be
exhibited at lower signal levels. The efforts in the rest of the section will be directed towards
finding suitable expressions for hpe1 and hpe2.

As shown in Appendix A the lateral radiation pattern At(x1;z f ) of a focused transducer is the
spatial Fourier transform of the apodization function at(x). Both, the apodization function
and the radiation pattern are defined on confocal spherical surfaces, which for the 2D case are
represented by confocal arcs as shown in Figure 11.3(a). The top arc represents the transducer
surface and the shaded region symbolizes the apodization function, which in the depicted case
is a rectangular window. The dotted lines connect the edges of the transducer with the focal
point, which lies at coordinates x = 0 and z = z f . The radiation pattern is calculated along an
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Figure 11.3: Illustration of the Fourier relation between the apodization function of a focused
transducer and the line spread function.Sub-figures (a) and (b) show the imaging situation and
the geometric relation between the coordinates, respectively.

arc which passes through the focal point. The tangent to the arc is parallel to the transducer
surface. At lies on the arc, and has for an argument the length of the arc to the focal point l1.
This arc is shown with a thick line in Figure 11.3(b). The approximations are valid for small
angles θ, and for these angles:

θ1 =
l1
z f

x1 = z f sinθ
sinθ≈ θ

⇓
l1 ≈ x1

where x and z are the lateral and axial distances defined in a Cartesian coordinate system. These
relations are illustrated in Figure 11.3(b). The point-spread-function can be expressed either
as a function of k sinθ or equivalently in kx/z, where k = 2π/λ is the wavenumber, λ = c/ f
is the wavelength at frequency f , and c is the speed of sound. The frequencies f are within
the bandpass region of the electro-mechanical impulse-response of the transducer. The Fourier
relation between the radiation pattern and the apodization function of the transducer must be
calculated over the whole frequency range and the result integrated.

The two dimensional radiated pressure field pt(x, t;z f ) for a fixed depth z f as a separable func-
tion is given by:

pt(x, t;z f ) = At(x;z f )p(t), (11.3)

where p(t) is the transmitted pressure pulse. It includes the excitation g(t), the electro mechan-
ical impulse response of the transducer hxmt(t), and hpe2(t):

p(t) = g(t)∗
t

hxmt(t)∗
t

hpe2(t). (11.4)

The function At(x;z f ) is the radiation pattern which is given by the Fresnel diffraction formula
(see Appendix A) for the focal point:

At(x;z f ) =
Z

f
F −1

{
at

(
x

z f c/ f
;0

)}
d f . (11.5)
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11.1. Modeling the low resolution image

The integration over f will be skipped further, and At will be calculated only for the center
frequency f0.

Taking the two dimensional Fourier transform of pt(x, t;z f ) one gets the k-space representation
of the imaging system:

Pt( fx, f ;z f ) = F
{

pt(x, t;z f )
}

. (11.6)

Since pt(x, t;z f ) is assumed to be a separable function, then the spectrum is also a separable
function:

Pt( fx, f ;z f ) = F {At(x)} ·F {p(t)} (11.7)

Pt( fx, f ;z f ) = at

(
x

z f λ

)
·P( f ) (11.8)

If a system works in a pulse-echo mode, then the two-way radiation pattern of the system is the
product of the radiation/directivity patterns of the transmit and receive apertures:

At/r(x;z f ) = At(x;z f ) ·Ar(x;z f ) (11.9)

The pulse must pass through the transducers and the electronics of both systems. The temporal
component of hpe will be assumed to be a delta function for simplicity, and the pulse echo
response at depth z f , in the vicinity of a point centered below the transducer becomes:

pr(x, t;z f ) = At(x;z f ) ·Ar(x;z f ) · vpe(t). (11.10)

In order to distinguish further in the thesis the approximated point spread function from the
”real one”, an alternative notation will be used. The small bold p(x, t;z f ) will be used for the
point spread function of a low-resolution image. The capital bold P(x, t;z f ) will be used to
denote the point spread function of a high-resolution image.

Figure 11.4(a) shows the formation of At(x;z f ). The transmit at(x) and receive ar(x) apodiza-
tion functions are convolved giving the apodization of the effective aperture at/r(x). The emis-
sion is done by a single element, which is assumed to be omnidirectional, and can be repre-
sented by a delta function. The effective aperture is therefore equal to the receive aperture.
Then the argument is scaled to make it suitable for inverse Fourier transform: fx = x/(λz). The
two way radiation pattern is found by the inverse Fourier transform:

At/r(x;z f ) = F −1{at/r( fx)} (11.11)

Figure 11.4(b) shows the generation of the temporal component of the point spread function.
The transmitted pulse g(t) is convolved with the impulse response of the transducer twice -
once in transmit and once in receive.

Figure 11.4(c) shows a comparison between a Field II simulation and the approach just de-
scribed. The contours are taken on the normalized RF lines at levels from -0.9 to 0.9 from the
maximum value at steps of 0.2. The time is given relative to the time instance at which the peak
value occurs. The same approach of the display of the point-spread-function will be used in
the rest of the chapter. Table 11.1 lists the relevant parameters for the Field II simulation. The
apodization function in receive is defined as:

ar(x = (i− Nxdc+1
2 ) ·dx) = exp


−1

2

(
i−(Nxdc+1)/2

Nxdc−1

)2

σ2
x


 , for 1≤ i≤ Nxdc, (11.12)
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Figure 11.4: Step-by-step building of the approximation of the point-spread-function of a low-
resolution image. The bottom plots show a comparison between the k-space approximation and
a Field II simulation.
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11.1. Modeling the low resolution image

Parameter Notation value unit
Speed of sound c 1540 m/s
Center frequency f0 5 MHz
Sampling frequency fs 70 MHz
Wavelength λ0 308 µm
Fractional bandwidth BW 66 %
No elements Nxdc 65 -
Pitch dx 308 µm

Table 11.1: Simulation parameters used for the comparison in Figure 11.4.

where i is the element index and σx defines the -6 dB fall of the curve. In the particular example
σx is equal to 0.3 guaranteeing that the apodization curve almost reaches zero at the edges of
the transducer as shown in Figure 11.4(a). The advantage of using an exponential apodization
function (popularly known as a “Gaussian”) is that its Fourier transform is also an exponential
function, and is easy to derive.

The transmitted pulse is a 1.5 cycles RF pulse at the central frequency f0 as shown in Figure
11.4(b). The impulse response is modeled using a 3 cycles RF pulse at the central frequency
with a Gaussian envelope. Comparing the numerical results shows reasonably good correspon-
dence. The duration of the point-spread-function is≈ 0.8 µs. Substituting z = 0.8 ·1540/2 gives
a length of 0.6 mm. For this small duration, one can assume that there is no significant change
of the size of the point spread function, and by freezing the time, one can get a 2-dimensional
spatial point spread function in the vicinity of z f :

p(x,z;z f )
∣∣
z=ct/2 = p(x, t;z f ). (11.13)

In the rest of the chapter these two variables, z and t are used interchangeably using the relation
between them z = ct/2.

The point-spread-function of the low-resolution image obtained by emitting with the central
element of the receive aperture will be used as a reference and denoted with p0(x, t;z f ). The
relation between this reference point-spread-function and the point-spread-functions of the low-
resolution images obtained by emitting with other elements of the aperture will be derived in
the following.

Figure 11.5 (a) shows by the means of simple geometry relations that the rotation of a focused
transducer round the focal point results in the rotation of the point-spread-function. The solid
and the dashed lines show the original and the rotated imaging situations, respectively. The
rotation angle between the two point-spread-functions can be determined by the angle between
the two tangent lines, which is equal to the angle of rotation of the whole setup. The rotation
is with respect to a local coordinate system centered at the focal point. The same effect can be
observed if a linear array (Figure 11.5 (b)) is translated at a distance ∆x, while focusing at the
same point. Notice that the reference point for calculating the delays must be the same for both
positions (before and after the translation) of the linear array. The operation can be expressed
as:

p′(x,z;z f ) = R [β;~x f ]{p(x,z;z f )} (11.14)

where R [β;~x f ] means “rotation with β around the coordinates ~x f = (x f ,y f ,z f )”. In this case
x f = y f = 0, and therefore only the depth z f is given for p. The rotation is given in a simple
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Figure 11.5: The rotation of a focused transducer round the focal point (a) and the translation
of a linear array (b) result in rotation of the point-spread-functions.

matrix1 form as:

p(x′,z′;z f ) = p(x,z;z f ) (11.15)[
x′

z′

]
=

[
sinβ cosβ
cosβ −sinβ

][
x− x f
z− z f

]
+

[
x f
z f

]
(11.16)

where the angle β is determined by:

β = arctan
∆x
z f

. (11.17)

The rotation of the point spread function is caused by the translation of the transducer, respec-
tively the effective aperture. This rotation results in rotation of the k-space representation of
the imaging system (this can be shown by the properties of the 2-D Fourier transform [131]).
The lateral extent of the k-space of the system is determined by the convolution of the trans-
mitting and receiving apertures. Changing the position of either one results in a rotation of the
point spread function. Figure 11.6 shows several equivalent transmit-receive cases. The scan
lines along which the focusing is done are shown with dots, and their origin coincides with the
origin of the coordinate system. The region in light gray outlines the position of the receive
aperture and the region in dark gray represents the transmit element. The purpose of the figure
is to show through simulations that the k-space transforms (which are a mere approximation)
actually hold. All of the results plotted were obtained using Field II. The simulation parameters
are listed in Table 11.1. Figure 11.6(a) is obtained by transmitting with element i = 64 (1 ≤ i
≤ 65 ), and receiving with all the elements. The whole transducer is translated to the left with
∆x = −32dx. Figure 11.6(b) is obtained by transmitting with the left most element i = 1. The
transducer this time is centered above the point scatterer, ∆x = 0. The last plot, Figure 11.6(c)
is obtained by transmitting with the central element i = 33, but the whole aperture is translated
with ∆x =−16dx. Using the more formal approach of k-space , the above experiments can be

1Notice that the chosen coordinate system is left handed.
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11.2. Building a high-resolution image
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Figure 11.6: Illustration of several combinations of transmit and receive aperture locations
resulting in the same inclination of the point-spread-function.

summarized by the properties of the convolution:

at/r(x−∆x) = at(x)∗
x

ar(x−∆x)

= at(x−∆x)∗
x

ar(x)

= at(x−∆x/2)∗
x

ar(x−∆x/2).

(11.18)

11.2 Building a high-resolution image

In the previous section it was shown that translating both, the transmit and receive apertures at
a distance ∆x results in a rotation of the point-spread-function at an angle β = arctan(∆x/z f ),
where z f is the distance to the transducer (the focal point is assumed to lie on the z axis, i.e. x f =
0). It was also shown that translating the transmit aperture at a distance ∆x, without moving
the receive aperture, gives a point-spread-function which could be obtained by translating both
apertures at a distance ∆x/2. If pi(x,z;z f ) is the point-spread-function obtained by emitting
with element i, 1≤ i≤ Nxdc, it can be approximated using the reference point-spread-function
p0(x,z;z f ) and a simple rotation:

pi(x,z;z f ) = R [βi;z f ]{p0(x,z;z f )}, (11.19)

where dx is the pitch of the transducer. The angle of rotation βi is related to the transmitting
element i via:

βi = arctan

(
i− Nxdc+1

2

)
dx

2z f
, for 1≤ i≤ Nxdc. (11.20)

159



Chapter 11. Effects of motion

−20 −10 0 10 20

−2

−1

0

1

2

T
im

e 
[µ

s]

Lateral distance [mm]

Simulated with Field II

−20 −10 0 10 20
Lateral distance [mm]

(c)

Rotated analytic PSF

Receive aperture A
t/r

(x) v
pe

(t)

p
0
(x,t) = A

t/r
(x) . v

pe
(t)

(a)

Receive aperture

β
i

p
i
(x,t) ≈ rotate[β

i
](p

0
(x,t))

(b)

Figure 11.7: Comparison between the PSF obtained using Field II, and a analytically created
and rotated PSF.

Figure 11.7 shows how the approximation of such a point spread function can be obtained: (1)
p0(x,z;z f ) is created using the Fourier relation between the aperture apodization function and
the lateral shape of the point-spread-function, and (2) the reference point-spread-function is
rotated at an angle β corresponding to the position of the transmitting element. Figure 11.7(c)
shows a comparison between a Field II simulation and the analytically approximated point-
spread-function. The simulation parameters are the same as the ones listed in Table 11.1 on
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11.3. The motion artifacts

page 157. The emission was done by the left-most transducer element.

The high-resolution image is obtained by summing the RF lines of the low-resolution ones.
The resulting point-spread-function can then be expressed as:

P(x,z;z f ) =
Nxdc

∑
i=1

pi(x,z;z f ). (11.21)

Using the relation between pi and p0, this procedure can be expressed as a sum of rotated
point-spread-functions:

P(x,z;z f ) =
Nxdc

∑
i=1

R [βi;z f ]p0(x,z;z f ) (11.22)

So far all considerations were made for a focal point which is centered below the transducer
(on-axis). They can be repeated for an off-axis point, and the fundamental result is the same.
To make the considerations, one must use a coordinate system, whose z axis lies on the line
connecting the point in question and the center of the transducer. The point-spread-function is
slightly broader and asymmetric because of the decreased apparent2 aperture which changes
as a function of angle.

11.3 The motion artifacts

In order to continue the considerations, yet more assumptions will be made. Let’s assume a
maximum speed of scatterers vmax of 1 m/s and a pulse repetition frequency fpr f of 5000 Hz.
The maximum distance traveled by the scatterer between two emissions then is 0.143 mm. The
following considerations will be made for relatively large distances, such as 55 mm away from
a transducer which is 11 mm wide ( f# = 5). The assumption is that the point-spread-function
of the low-resolution images does not change significantly for small changes in the axial and
lateral position3:

p0(x,z;~x f ) = p0(x,z;~x f +∆~x). (11.23)

Because the distance traveled by the point scatterer is small relative to the distance between the
scatterer and the transducer, (11.23) will be used to approximate the point-spread-function of
the point at the new location. The point spread function at position (x f + ∆x,z f + ∆z) will be
merely a translated version of the point spread function at position (x f ,z f ):

pi(x,z;~x f +∆~x) = T [∆~x]{pi(x,z;~x f )}. (11.24)

T [∆~x]{pi(x,z;~x)} is used to denote translation of the point-spread-function:

pi(x′,z′;~x f +∆~x) = pi(x,z;~x f ) (11.25)[
x′

z′

]
=

[
x
z

]
+

[
∆x
∆z

]
. (11.26)

Figure 11.8 shows the comparison between point-spread-functions of high-resolution images,
obtained without and with motion. The top row displays the imaging situation. The emis-
sions are done consecutively with the outermost elements, first with the leftmost and then with

2By apparent I mean the visible size of the aperture when looking from the focal point. Off axis the aperture is
tilted with respect to the focal point. In some sources it is called “projected aperture”.

3The considered distances are on the order of a milliliter.
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Chapter 11. Effects of motion

the rightmost one. The positions of the scatterer and the point-spread-functions of the low-
resolution images obtained at the first and the second emissions are given in blue and red colors,
respectively. The middle row shows superimposed the low resolution images obtained at each
of the emissions. The thick lines outline the envelope detected data at -1 and -20 dB. The thin
and pale lines are contours of the raw RF signal, and are presented to show the direction and
frequency of the oscillations. The distance which the point scatterer passes between the two po-
sitions is chosen to be λ/4 at a center frequency f0 of 5 MHz. The point-spread-functions were
obtained using Field II, and the simulation parameters are listed in Table 11.1. The bottom row
shows contour plots of the envelope detected high-resolution images. The contours are drawn
at levels -6, -10 and -20 dB from the peak value. It can be seen that the axial motion results
in a distortion of the point-spread-function. The PSF becomes asymmetric and its maximum
shifts away from the central line. The lateral motion introduces only minor change in the PSF.
The reason for this is the anisotropy of the PSF - the lateral size is several times larger than the
axial one. The process of creating a high-resolution image in the presence of motion becomes:

P(x,z;~x f ) =
Nxmt

∑
i=1

T [i∆~x]
{

R [βi;~x f )]{p0(x,z;~x f )}
}

, (11.27)

where βi is the angle relate to the transmitting element i via the relation (11.20):

βi = arctan

(
i− Nxdc+1

2

)
dx

2z f
, for 1≤ i≤ Nxdc.

It can be shown that if the order of emissions gets reversed, then the peak of the point-spread-
function of the high resolution image will be shifted in the opposite direction. The conclusion
is that the motion artifacts depend not on the absolute motion of the scatterers, but on the
relative motion between the scatterer and the change in position of the transmitting element.
Creating high-resolution images with different transmit sequences results in different shapes of
the point-spread-function and a decreased correlation between them. This fact will be used in
Chapter 13 when modifying the cross-correlation velocity estimator.

The inverse operation of the translation is the translation in opposite direction. A motion com-
pensated point-spread-function is given by:

Pcompensated(x,z;~x f ) =
Nxmt

∑
i

T [−i∆~x]
{

T [i∆~x]
{

R [βi;~x f ]{p0(x,z;~x f )}
}}

= ∑
i

R [βi;~x f ]{p0(x,z;~x f )}

= P(x,z;~x f ).

(11.28)

In practice such an ideal motion compensation is nearly impossible since the point-spread-
function varies with the change in position. This simple relation means, however, that it is
possible to obtain motion-compensated high-resolution images by shifting the samples in the
beamformed RF lines of the low-resolution images, rather than changing the delay profiles
on the individual channels. This approach will be tested in Chapter 12, in which the motion-
compensated high-resolution images will be used for velocity estimation.
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Figure 11.8: Making a high-resolution image with only two emissions. The emissions are
done first with the leftmost element and then with the rightmost one. The left column shows
the case when the point scatterer is still, the center column when the scatterer moves away from
the transducer and right column when it moves parallelly to the transducer.
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